Abstmct-The framework necessary for achieving a multiresolutional control system is developed by this paper. This paper focuses on modeling each element of a control system using a best orthonormal wavelet packet basis and then determining the optimal controller using the same orthonormal wavelet packet basis or another related orthonorm a l wavelet packet basis. A theorem for designing a wavelet packet controller which minimizes the 2-norm sensitivity function for a single-input single-output (SISO) system is presented. A theorem for designing a wavelet packet controller which minimizes the 2-norm mixed sensitivity function for a SISO system is also presented. Multiresolutional controller design examples are presented and compared with discrete H 2 controllers.
I. INTRODUCTION
This paper is a very cursory review of the application of multiresolution concepts to a control system developed in [l] , and extends the preliminary results presented in [Z] and [3]. The theory of multiresolution analysis was pioneered by Stephane Mallat [4] and Yves Meyer [5] and was the impetus for the fast growing field of wavelets. The framework necessary for achieving a multiresolutional control system is developed by this paper. The first step in developing a multiresolutional control system is to use wavelet packet theory in order to model the plant to be controlled based on the control objectives, plant characteristics, etc., and therefore could vary greatly from one control system to another. Additional control system elements, such as disturbance weights, performance weights, nonlinearities, etc., can be modeled using either the same orthonormal wavelet packet basis or another related orthonormal wavelet packet basis. A related orthonormal wavelet packet basis is a &if-ferent basis derived from the same mother wavelet. This framework is very general, allowing the control designer to ascertain what is the "best" basis for their individual control system. The optimal controller is then determined using either the same orthonormal wavelet packet basis or another related orthonormal wavelet packet basis.
Section I1 presents the solution to the 2-norm sensitivity and mixed sensitivity control problems based on modeling the control system components using Haar wavelet packets. Multiresolutional controller design examples for the sensitivity and mixed sensitivity control problems are presented in section 111, and are directly compared with discrete H 2 LFT based controllers. The control design exSGraduate student; currently Senior Member of the Technical Staff TRW Space & Electronics Group, Avionics Systems Department $Professor of Electrical Engineering amples demonstrate that the FIR for the free controller parameter found using the multiresolutional control design methodology discussed herein approximates the equivalent transfer function for the free controller parameter found using discrete H2 control based on the LFT framework.
However, the multiresolutional controllers have the added advantage of requiring only impulse response data, along with being able to optimize the free controller parameter for any desired FIR of length K .
MULTIRESOLUTIONAL CONTROLLER DESIGN
This section presents a sensitivity controller and a mixed sensitivity controller based on compactly supported, orthonormal wavelet packeta at multiple scales with dilation factor 2. Thoroughout this section, any mention of wavelet packets will refer to Haar wavelet packets. Haar wavelet packets were chosen for simplicity, along with being an orthonormal basis over a compact interval. It has been shown, see for example [SI, that other orthonormal wavelet packets can be constructed to be orthogonal over a compact interval. However, these constructions involve considerably more computations than the Haar wavelet packet and therefore axe not considered herein. The necessary mathematical and computational tools utilized in the solution of the multiresolutilonal controllers developed in this section can be found in [l].
A. Mathematical Preliminaries
matical machinary that will be used in the sequel. 
Remark 1 
B. Multiresolutional Sensitivity Minimization
The feedback control system for this section is shown in Fig. 1 , where P is the plant to be controlled and W is the weight modeling the disturbances. The Wiener-Hopf The sensitivity function for the feedback control system is given by:
The sensitivity minimization problem has been studied by numerous researchers in terms of minimizing the H 2 norm and the HW norm, see [7] , [SI, and [9] and the references contained therein. Assumptions
The first step in our multiresolutional controller development is t o perform a Youla parameterization [lo] for the controller C according to: Let W E E H 2 be the weight modeling the disturbances and P E H 2 be the plant to be controlled. Then the performance measure for the sensitivity minimization problem is given by:
QEH2
Represent each of the quantities in 9 using a unique orthonormal, Haar wavelet packet basis composed of L, M , K E Z+ elements respectively a s follows:
The approximation to the performance measure of equation 9 is given by:
The performance measure given by equation 13 is optimized by the gains
which are given by:
where: [ dl The next theorem preslents a practical, in general, suboptimal solution to the mixed sensitivity optimization problem, equation 17, using Haar wavelet packet representations for the signals W1, W2P, P, and Q .
Theorem 2
Let W1 E R H 2 be the weight modeling the disturbances, W2P E R H 2 be the weight modeling the desired performance combined with the plant and P E RH2 be the plant to be controlled. Then the performance measure for the mixed sensitivity minimization problem is given by:
C. Multiresolutional Mixed Sensitivity Minimization
The feedback control system for this section is shown in Fig. 2 , where P is the plant to be controlled, W1 is the weight modeling the disturbances, and W2 is the weight modeling the performance objectives. The Wiener-Hopf The sensitivity function for the feedback control system, S, was given previously by equation 6. The complementary sensitivity function for the feedback control system, T , is given by:
The mixed sensitivity minimization problem has been studied by researchers in terms of minimizing the H 2 norm and the H m norm, see [a], [13] , and the references contained therein. Assumptions T := P C ( 1 + PC)-l (16) 1. W1 € E H 2 .
W2P E R H 2 .
Again, the first step in the multiresolutional controller development is to perform a Youla parameterization on equation 15 resulting in
P E E H 2 .
Represent each of the quantities in 18 using a unique orthonormal, Haar wavelet packet basis composed of L, J, M, K E Z+ elements respectively as follows:
The approximation to the performance measure of equation 18 is given by:
The performance measure given by equation 23 is optimized by the gains 
Remark 5
Observe that if the stronger assumption W2 E E H 2 , then Theorem 2 is also directly applicable with very minor but obvious modifications.
Remark 6
The (sub)optimal controller, C K , as a function of the free controller parameter Q, for Theorem 1 is most easily implemented using the feedback configuration presented in Fig. 3 . The (sub)optimal controller, C K , as a 
Remark 7
The assumptions in Theorems 1 and 2 that P E H 2 , and P E E H 2 , can be easily removed by performing an inner-outer factorization on any unstable P , and then taking orthonormal wavelet packet expansions of the resultant stable transfer functions composing the innerouter factorization. Extensions of Theorems 1 and 2 to this case would then follow trivially.
Recall the following lemma, [ll], [12] , which gives the necessary and sufficient condition satisfied by the global minimum y* of the convex cost function, J K (~) of equation 13 or 23.
Lemma 1 ([11],[12])
If J K (~) : IRK I+ R is continuously differentiable, i.e, the partial derivatives e,. . . , exist for every y E RK and the mrtial derivatives are continuous functions of y, and is convex over RK, then y* is a global minimum for
The existence of the solution for the free controller parameter gains, y E R K , given by equations 14 and 24, ensure that J K (~) is a global minimum for the optimization problems posed by Theorems 1 and 2, equations 13 and 23, as a function of K. However, the objective is to become arbitrarily close to the solution for the optimization problems given by equations 9 and 18. The accuracy of the approximation for the system is critical to this objective being achieved. The convergence of the multiresolutional sensitivity minimization solution and the multiresolutional mixed sensitivity minimization solution will be addressed in the following lemma. 
DISCRETE MULTIRESOLUTIONAL CONTROLLER DESIGN EXAMPLES
This section presents discrete multiresolutional controller design examples which utilize Theorems 1 and 2 and compares these multiresolutional controllers with discrete H 2 controllers, based on the LFT framework, developed in [13] . The development of LFT based discrete H 2 controllers is solely for the purpose of controller comparison with the multiresolutional controllers. In other words, plant, disturbance weight, and performance weight models were assumed in order to develop the LFT based discrete H 2 controllers. The corresponding impulse response data for the plant, disturbance weight, and performance weight models was used t o determine multiresolutional consented herein, the optimal free controller parameter transfer function, Qopt(z), for a Youla parameterization will be determined directly. This allows for a direct comparison between the discrete H 2 transfer function of Qopt(z) and the corresponding multiresolutional FIR of &fir(,). For the control systems shown in Figs. 1 and 2 , let the plant, P ( z ) , the disturbance weight, W ( z ) = WI(Z), and the performance weight, W Z ( Z ) be given as follows:
trollers. For the LFT based discrete H 2 controllers pre-
The minimum sensitivity performance t o be achieved is given by:
inf IIW -p&l12 = 1.2122
where Q = WQ. The minimum mixed sensitivity performance to be achieved is given by:
The coefficients t o be presented in this section for the transfer functions and FIRs will correspond t o descending powers of .z, i.e., zo, z-l,. . .,. For the system shown in Fig. 1 with the system transfer functions presented in equations 27-28, the optimal free controller parameter, found using Theorem 2, and is given by:
Observe that the transfer function
The FIR for the free controller parameter, Qms,fir(z) was 
Remark 8 The FIR relpresentations for the free controller parameters presented in equations 34 and 35 were initially found by selecting K = 32. The optimal FIR representations were still achievedl for K = 8 and only slight degradation resulted when K = 4 was chosen.
IV. ClONCLUSIONS
This paper presented a theorem for designing a wavelet packet controller which minimizes the sensitivity function for a SISO system. A theorem for designing a wavelet packet controller which minimized the mixed sensitivity function for a SISO system was also presented. Multiresolutional controller design examples were presented and compared with discrete H 2 controllers. The control design examples demonstrated that the FIR for the free controller parameter found using the multiresolutional control design methodology discussed 'herein approximates the equivalent transfer function for the free controller parameter found using discrete H 2 control based on the LFT framework.
However, the multiresol utional controllers have the added advantage of requiring only impulse response data, along with being able to optimize the free controller parameter for any desired FIR of length K .
